A Fast Adaptive Multipole Algorithm in
Three Dimensions

An overview of fast multipole method

Validation of Vortex Methods as a Direct
Numerical Simulation of Turbulence
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https://github.com/exafmm/exafmm
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void evalMultipole(real_t rho, real_t alpha, real_t beta, complex_t * Ynm, complex_t * YnmTheta) { dx™
real_t x = std::cos(alpha); // x = cos(alpha) m =n
real_t y = std::sin(alpha); // y = sin(alpha) A= Jao—ml-n+m!
real_t invY =y =070 :1/y; //1/y
real_t fact = 1; // Initialize 2 *m + 1 (n—|m|)! .
m _ . plml me
real_t pn = 1; // Initialize Legendre polynomial Pn Yi'6,0) = (n+ [m))! B (cosB)et
real_t rhom = 1; // Initialize rho”™m
complex_t ei = std::iexp(I * beta); // exp(i * beta) m = ]=mDt —imp
complex_t eim = 1.0; // Initialize exp(i * m * beta) 6, 0) = (n+ |-m! bu " (cost)e
for (int m=0; m<P; m++) { // Loop over m in Ynm
real_t p = pn; // Associated Legendre polynomial Pnm — M-lel(cose)e_imw
int npn = m * m + 2 x m; // Index of Ynm for m > @ (n+mpr "
int nmn = m % m; // Index of Ynm for m < @ = Yr{n(g,@)
- . 70 71 v2 73 N
Ynm[npn] = rhom x* p.* eim; Yo, Y1, Y5, Vs // rho™m *'Ynm for m >.0 ifosms< n
Ynm[nmn] = std::conj(Ynm[npn]); 1700 71 72 y3—3 // Use conjugate relation for m < @
real_t pl = p; // Pnm-1 0, 0) = p" - AR Vi, 0) = (=1)"———. - B"(cos8)e™® - p"
p=xx(2%xm+ 1) % pl; // Pnm using recurrence relation (n+m)!
YnmTheta[npn] = rhom x (p — (m + 1) % x * pl) * invY % eim; // theta derivative of r”n % Ynm elseif —n<m<0:
rhom x= rho; rho”™m
// p-m _ N, g-m. y-m — n Im| —im@ , n
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for (int n=m+1; n<P; n++) { // Loop over n in Ynm _m '
int npm =n *x n + n + m; //  Index of Ynm for m > 0@ T
int nmm =n *xn +n - m; //  Index of Ynm for m < @
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OGO ON T IN n: Pit(cos§) —————» prtl — _ J1—x2pm
Ynm[npm] = rhon * p * eim; @2,V V(YL VA2 /7 rho*n % Ynm Z P”%cgose)) Pnii @m+1)y1 —x*Py
Ynm[nmm] = std::conj(Ynm[npml); (¥, V2, V) (V5 L, V5 1) (V52)// Use conjugate relation for m < @ n - pm\’ (n—m+ 1PN = (2n + 1DxP™, — (n + m)P™,
real_t p2 = pl; /7 Pam=2 rhom : (=)
pl = p; //  Pnm-1 o ' 7
p=(x*x(2xn+1) xpl-(n+m xp2) / (n-m+1);// Pnm using recurrence relation rhon : (—1)nm 7o
YnmThetalnpm] = rhon * ((n = m + 1) * p — (n + 1) * x % pl) * invY x eim;// theta derivative YnmTheta : ' >_{
rhon *= rho; // Update rho”n (_11 =
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void evallLocal(real_t rho, real_t alpha, real_t beta, complex_t * Ynm) { " dz™
real_t x = std::cos(alpha); // x = cos(alpha) Am = =D .
real_t y = std::sin(alpha); // y = sin(alpha) Vin—m)!-(n+m)!
real_t fact = 1; // Initialize 2 x m + 1 (n— [m|)!
real_t pn = 1; // Initialize Legendre polynomial Pn Yo e,0) = m-PAml(cose)eimQ
real_t invR = -1.0 / rho; // -1/ rho )
real_t rhom = -invR; // Initialize rho”(-m-1) n—|-mt .
— -m _ . pl-ml —im@
complex_t ei = std::exp(I * beta); // exp(i x beta) 1(6,0) = (n+ [-m|)! Fo " (cost)e
complex_t eim = 1.0; // Initialize exp(i * m * beta)
for (int m=0; m<P; m++) { // Loop over m in Ynm — M-lel(cose)e_imw
. . | n
real_t p = pn; // Associated Legendre polynomial Pnm (n+ |m|)!
int npn =m*xm+ 2 % m; // Index of Ynm for m > 0 =Y(6,0)
int nmn = m x m; // Index of Ynm for m < @ if 0<sm< n
Ynm[npn] = rhom % p * eim; YO, VL V2,78 // rho~(-m-1) * Ynm for m > @ o 0 m um N m mp  m
Ynm[nmn] = std::conj(Ynm[npn]); 70,771, 752 78 // Use conjugate relation for m < @ t(6,0) = p" - AR Yr'(6,0) = (=1) _(n+m)!'Pn (cos8)e™? - p
real_t pl = p; // Pnm-1 ]
p=x3x(2%xm+ 1) % pl; // Pnm using recurrence relation elseif —n<m<0:
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real_t rhon = rhom; // rho~(-n-1) E—— (n+m)!
for (int n=m+1; n<P; n++) { // Loop over n in Ynm =1"(6,0)
int npm =n %k n + n + m; // Index of Ynm for m > 0
int nmm =n *xn +n - m;. S // Index of Ynm for m < @ pn: P™(cos6) anni%=—(2m+1)\/1—_xzpn’?
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} // End loop over n in V-~ |6 15 Q%
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about definitions of spherical harmonic



A New Version of the Fast Multipole Method for the Laplace Equation in Three Dimensions.
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A New Version of the Fast Multipole Method for the Laplace Equation in Three Dimensions.
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3 types of definition of spherical harmonics(1 is convention)

type 1: https://en.wikipedia.org/wiki/Spherical_harmonics type 2 hitps://www.physics.uoguelph.ca/chapter-4-spherical-harmonics
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x dxm
- —m)!
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3 types of definition of spherical harmonics(1 is convention)

type 1: https://en.wikipedia.org/wiki/Spherical_harmonics type 2 hitps://www.physics.uoguelph.ca/chapter-4-spherical-harmonics
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Why FMM define Y, using type 37 (simple)
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Why FMM define Y, using type 37 (detailed)

spherical harmonic addition theorem:
type 1:

Py (cosy) = E Yot (6y, 01)Y5" (62, 02)
Pm(cose)e’mq’ 0<m<n m=—n
(n +m n
Y, (6,0) = <

= D WO, 0DTTG 6 + ) Vi (0,007, (6,,6,)
Iml) m=0 m=1
Fmpi

(n
=™ CEAT]

P™(cos®)e™® ,—n<m<0

= ) 6,000, 6) + ) (~D"TTE;,8,) - (-0 (0, 0,)
m=0 m=1

type 2: ‘ = Z YJ"(91,®1)YJ"(92,®2) + Z Yr-{n(glt@l) len(ez'(bz)
m=0 m=1

I
(—nHm m% P (cos@)e™®  0<m<n
Y™ (6,0) = redefine: &%itm < ORTSLERE LR ZRIBY,HI3L4E
(Tl - |Tfl|)' |m| i
——P im¢ ,—n<m<0
T D (cosB)e n<m

Yyre,0) m=0

(6,0) = y™@,0) m<o

A New Version of the Fast Multipole Method for the lace Equatiopin Three Dimensions.

type 3:

m m -m —_vmig o\ m _ (n —|m))! m im
. (cos ) Z Yy, (0, B) Y (6, ).ty Vi (0,0) = Y, (6,0) demmmmmm Y10, §) = (| - B (cos ).




