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about definitions of spherical harmonic
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𝑛 + 𝑚 !

𝑃&# 𝑥

𝑃&# 𝑥 = −1 # 1 − 𝑥!
#
!
𝑑#

𝑑𝑥#
𝑃& 𝑥 , 𝑚 ≥ 0 𝑃&# 𝑥 = 1 − 𝑥!

#
!
𝑑#

𝑑𝑥#
𝑃& 𝑥 , 𝑚 ≥ 0

𝑃&*# 𝑥 = −1 # 𝑛 − 𝑚 !
𝑛 + 𝑚 !

𝑃&# 𝑥

3 types of definition of spherical harmonics(1 is convention)

type 1: type 2:

不変!
http://www.jooooow.com/static/pdf/FMM.pdf

https://www.physics.uoguelph.ca/chapter-4-spherical-harmonicshttps://en.wikipedia.org/wiki/Spherical_harmonics

type 3:
𝑌&*# 𝜃, ∅ =

𝑛 − −𝑚 !
𝑛 + −𝑚 !

A 𝑃&
*# 𝑐𝑜𝑠𝜃 𝑒*"#∅

= 𝑌&# 𝜃, ∅



𝑃&*# 𝑥 = −1 # 𝑛 − 𝑚 !
𝑛 + 𝑚 !

𝑃&# 𝑥

𝑃&# 𝑥 = −1 # 1 − 𝑥!
#
!
𝑑#

𝑑𝑥#
𝑃& 𝑥 , 𝑚 ≥ 0 𝑃&# 𝑥 = 1 − 𝑥!

#
!
𝑑#

𝑑𝑥#
𝑃& 𝑥 , 𝑚 ≥ 0

𝑃&*# 𝑥 = −1 # 𝑛 − 𝑚 !
𝑛 + 𝑚 !

𝑃&# 𝑥

3 types of definition of spherical harmonics(1 is convention)

type 1: type 2:

不変!
http://www.jooooow.com/static/pdf/FMM.pdf

https://www.physics.uoguelph.ca/chapter-4-spherical-harmonicshttps://en.wikipedia.org/wiki/Spherical_harmonics

type 3:

𝑌&# 𝜃, ∅ =

𝑛 − 𝑚 !
𝑛 + 𝑚 !

𝑃&# 𝑐𝑜𝑠𝜃 𝑒"#∅ ,0 ≤ 𝑚 ≤ 𝑛

−1 # 𝑛 − |𝑚| !
𝑛 + |𝑚| !

𝑃&
|#| 𝑐𝑜𝑠𝜃 𝑒"#∅ , −𝑛 ≤ 𝑚 < 0

𝑌&# 𝜃, ∅ =

−1 # 𝑛 − 𝑚 !
𝑛 + 𝑚 !

𝑃&# 𝑐𝑜𝑠𝜃 𝑒"#∅ ,0 ≤ 𝑚 ≤ 𝑛

𝑛 − |𝑚| !
𝑛 + |𝑚| !

𝑃&
|#| 𝑐𝑜𝑠𝜃 𝑒"#∅ , −𝑛 ≤ 𝑚 < 0

𝑌&# 𝜃, ∅ =
𝑛 − |𝑚| !
𝑛 + |𝑚| !

𝑃&
|#| 𝑐𝑜𝑠𝜃 𝑒"#∅ , −𝑛 ≤ 𝑚 ≤ 𝑛

𝑌&*# 𝜃, ∅ = −1 # G 𝑌&# 𝜃, ∅ , 0 ≤ 𝑚 ≤ 𝑛 𝑌&*# 𝜃, ∅ = −1 # G 𝑌&# 𝜃, ∅ , 0 ≤ 𝑚 ≤ 𝑛

𝑌&*# 𝜃, ∅ = 𝑌&# 𝜃, ∅ , −𝑛 ≤ 𝑚 ≤ 𝑛



type 1:

𝑃g 𝑐𝑜𝑠𝛾 = $
lhmg

g

𝑌gl 𝜃o, ∅o 𝑌gl 𝜃f, ∅f

= $
lhmg

g

𝑌gl 𝜃o, ∅o −1 l𝑌gml 𝜃o, ∅o

A New Version of the Fast Multipole Method for the Laplace Equation in Three Dimensions.

redefine

𝑌gml 𝜃, ∅ = 𝑌gl 𝜃, ∅

type 3:

Why FMM define 𝑌#$ using type 3?

spherical harmonic addition theorem:

(simple)

𝑌&# 𝜃, ∅ =

𝑛 − 𝑚 !
𝑛 + 𝑚 !

𝑃&# 𝑐𝑜𝑠𝜃 𝑒"#∅ ,0 ≤ 𝑚 ≤ 𝑛

−1 # 𝑛 − |𝑚| !
𝑛 + |𝑚| !

𝑃&
|#| 𝑐𝑜𝑠𝜃 𝑒"#∅ , −𝑛 ≤ 𝑚 < 0

𝑌&# 𝜃, ∅ =

−1 # 𝑛 − 𝑚 !
𝑛 + 𝑚 !

𝑃&# 𝑐𝑜𝑠𝜃 𝑒"#∅ ,0 ≤ 𝑚 ≤ 𝑛

𝑛 − |𝑚| !
𝑛 + |𝑚| !

𝑃&
|#| 𝑐𝑜𝑠𝜃 𝑒"#∅ , −𝑛 ≤ 𝑚 < 0

type 2:



type 1:

𝑃& 𝑐𝑜𝑠𝛾 = K
#'*&

&

𝑌&# 𝜃( , ∅( 𝑌&# 𝜃! , ∅!

= K
#'-

&

𝑌&# 𝜃( , ∅( 𝑌&# 𝜃! , ∅! + K
#'(

&

𝑌&*# 𝜃( , ∅( 𝑌&*# 𝜃! , ∅!

= K
#'-

&

𝑌&# 𝜃( , ∅( 𝑌&# 𝜃! , ∅! + K
#'(

&

−1 #𝑌&# 𝜃( , ∅( G −1 #𝑌&# 𝜃! , ∅!

= K
#'-

&

𝑌&# 𝜃( , ∅( 𝑌&# 𝜃! , ∅! + K
#'(

&

𝑌&# 𝜃( , ∅( 𝑌&# 𝜃! , ∅!

A New Version of the Fast Multipole Method for the Laplace Equation in Three Dimensions.

𝑌gml 𝜃, ∅ = 𝑌gl 𝜃, ∅

type 3:

Why FMM define 𝑌#$ using type 3?
spherical harmonic addition theorem:

𝑌gl 𝜃, ∅ = >
𝑌gl 𝜃, ∅ 𝑚 ≥ 0

𝑌g
|l| 𝜃, ∅ 𝑚 < 0

redefine：设法让𝑚 ≤ 0时实际算出来的是原始𝑌&#的共轭

(detailed)

type 1:

𝑌&# 𝜃, ∅ =

𝑛 − 𝑚 !
𝑛 + 𝑚 !

𝑃&# 𝑐𝑜𝑠𝜃 𝑒"#∅ ,0 ≤ 𝑚 ≤ 𝑛

−1 # 𝑛 − |𝑚| !
𝑛 + |𝑚| !

𝑃&
|#| 𝑐𝑜𝑠𝜃 𝑒"#∅ , −𝑛 ≤ 𝑚 < 0

𝑌&# 𝜃, ∅ =

−1 # 𝑛 − 𝑚 !
𝑛 + 𝑚 !

𝑃&# 𝑐𝑜𝑠𝜃 𝑒"#∅ ,0 ≤ 𝑚 ≤ 𝑛

𝑛 − |𝑚| !
𝑛 + |𝑚| !

𝑃&
|#| 𝑐𝑜𝑠𝜃 𝑒"#∅ , −𝑛 ≤ 𝑚 < 0

type 2:


